We construct a relative mixed motive whose ℓ-adic realizations give rise to Galois representations of the absolute Galois group of Q whose images are isomorphic to the exceptional groups of Lie-type G 2 (Z ℓ ), if ℓ is a prime ≥ 5. The method of construction relies on Katz' motivic description of rigid local systems with quasi-unipotent local monodromy.
Introduction
The theory of motives was invented by Grothendieck to describe various analoga between the different cohomology theories of algebraic varieties. A motive is a pair M = (X, P ), where X is a smooth geometrically connected projective variety over a field K (which we always assume to be a number field) and P = P 2 ∈ Corr(X, X) ⊗ Q is an idempotent built by correspondences, see e.g. [16] . (Many survey articles on motives are collected in [9] ; see [1] and [4] for a different point of view on the category of motives). By the Künneth formula and Poincaré duality, the projector P cuts out a subspace of any Weil cohomology of X. These subspaces of are called the realizations of M and are denoted by H ? (M ), where the subscript ? could be ℓ (denoting the ℓ-adic cohomology) or sing (denoting the singular cohomology). Granting Grothendieck's standard conjectures, the category of motives has the structure of a Tannaka category, see [16] . Thus, by the Tannaka formalism and by assuming the standard conjectures, every motive M has attached an algebraic group G M to it, called the motivic Galois group of M. The structure of G M is conjecturally closely connected to the structure of the realizations of M. E.g., consider the natural representation
of the absolute Galois group of K on the ℓ-adic realization of M. It is then conjectured, that the image of ρ M,ℓ is isomorphic to an open subgroup of G M (Q ℓ ), see [19] , 9.1. In this context, Serre has asked, whether there exist motives whose Galois group is the exceptional simple algebraic group of type G 2 or E 8 , see loc. cit., 8.8 . It is the aim of this paper to support this conjecture by proving the following result (a relative mixed motive over a smooth variety S is a pair M = (X/S, P ), where X/S is smooth and P is a suitable projector formed by correspondences, see Section 2):
There exists a relative mixed motive M over P 1 Q \ {0, 1, ∞} whose ℓ-adic realizations of weight 6 give rise to irreducible Galois representations
The proof of Theorem 1 will be given in Section 2.3. The method of the construction of the motive M is the motivic interpretation of rigid local systems with quasi-unipotent local monodromy, introduced by N. Katz in [14] , Chap. 8. The key observation is the existence of certain rigid generating triples of elements of the groups G 2 (Q ℓ ) (whose analoga in positive characteristic have been found by Thompson [20] and Feit and Fong [10] ). It follows then from the work of Katz [14] that these triples arise from the ℓ-adic realization of a certain mixed motive M using the convolution process. Actually, we construct these triples explicitly using the singular realization of M and previous work of the authors [7] (thereby making the non-constructive result of Thompson, Feit and Fong explicit) .
Using desingularization of the fibres of X/S and Hilbert's irreducibility theorem, we obtain the following corollary (see Section 2.4 for the proof):
Corollary 2: For any prime ℓ ≥ 5, there exist infinitely many non-isomorphic Galois representations G Q → GL 7 (Q ℓ ) which appear in the cohomology of smooth projective varieties over Q and whose images are isomorphic to G 2 (Z ℓ ).
By the previous result, one expects that there exists a suitable compactification of the mixed motive M which leads to a positive answer of Serre's question in the G 2 -case. This requires a careful investigation of the cohomology of an equivariant normal crossings compactification of X/S and is further studied in [6] . We remark that Gross and Savin [12] propose a completely different way to construct motives with Galois group G 2 : An exceptional theta-correspondence of modular forms. The connection between these approaches has yet to be explored. 1 The middle convolution and a rigid local system of rank 7
In this section we construct a rigid local system of rank 7 on P 1 \ {0, 1, ∞} = A 1 \ {0, 1} using the middle convolution functor of Katz.
1.1 Some generalities onétale sheafs. We work in the category of varieties over a field K of characteristic zero. In the following, the symbol R stands either for Q ℓ ,Q ℓ , or for F ℓ . The category lisse sheafs of R-modules on a variety X is denoted by LS R (X) (an element of LS R (X) is sometimes called anétale local system on X). It is well known that if X is smooth and geometrically connected, then any element V ∈ LS R (X) gives rise in a unique way to its monodromy representation
, see e.g. [11] . The restriction of ρ V to the geometric fundamental group π
The following construction of lisse sheaves with finite monodromy will be used in Section 1.3 below: Let ρ f : πé t 1 (X) → G be the surjective homomorphism associated to a finiteétale Galois cover with Galois group G and let α : G → GL n (R) be a representation. Then the composition
corresponds to a lisse sheaf with finite monodromy on X which is denoted by V f,α .
The definition of the middle convolution. Consider a reduced poly-
and let x denote the divisor on A 1 associated to
(by abuse of notation, the divisor on A 1 y which is given by p(y) = 0 is also denoted by x). Let further pr i : U → A 1 \ x, i = 1, 2, denote the i-th projection, let
be the difference map and letpr 2 : P 1 A 1 \x → A 1 \ x be the natural projection. Following Katz [14] , Chap. 8, we define a middle convolution operation on LS R (A 1 \ x) as follows:
is called the middle convolution of V with V χ .
Via a base change argument, the previous definition can be seen to be a special case of the middle convolution which appears in [14] , Section 8.3.1. It is shown in op. cit. that the transformation MC χ is invertible on a large subcategory of LS R (A 1K \ x) and that it preserves the property of (physical) rigidity for elements of this category (a local system V is rigid if there do not exist non-trivial deformations of V, see [14] ). Moreover it is shown in op. cit. that any rigidétale local system V ∈ LS R (A 1K \ x) can be obtained from a rank one lisse sheaf by an iterative application of middle convolutions and tensor operations, by inverting the steps of the existence algorithm given in op. cit., Chap. 6.
1.3 A rigid local system with G 2 -monodromy. The following sequence of middle convolutions and tensor products will lead to a rigid local system of rank 7 on A 1 \ {0, 1} whose associated monodromy representation has values in the exceptional group of Lie-type G 2 :
In the rest of the section, we work in the category of varieties over Q. The lisse sheafs which we need are lisse sheafs with finite monodromy
on S = A 1 \ {0, 1} (see Section 1.1 for the notation), where the f i and α are defined as follows: The representation α is the embedding of Z/2Z into Q ℓ × and the f i : Y i → S, i = 0, 1, 2, are theétale Galois double covers defined by the equations
The middle convolution operation we use is MC χ , where χ is associated to the double cover of G m given by z 2 = x and by α : Z/2Z → Q × ℓ as above. Let G denote the lisse sheaf on S, defined by (1.3.1)
It is well known that πé t 1 (S) = π geo 1 (S) ⋊ G Q and that the geometric fundamental group π geo 1 (S) = πé t 1 (S ×Q) is the profinite closure of a free group on two generators δ i , i = 1, 2. (The elements δ i can be given an interpretation as simple loops in P 1 (C) \ {0, 1, ∞} around the points 0 and 1 respectively.)
be the monodromy representation of G. Then n = 7 and there exists a choice of a base of the stalk and a choice of δ i , i = 1, 2, such that 
Proof: In [5] it is shown that the geometric monodromy of MC χ (V) can be expressed by the tuple MC λ (A), where MC λ is the tuple transformation of [7] , where A is the monodromy tuple of V and where λ is the value of a counterclockwise generator of π geo 1 (G m ) under χ. Then the construction of G leads to a parallel sequence of tuple transformations by applying iteratively MC −1 and a suitable scalar multiplication of the first, resp. second element (which corresponds to tensoring with V 1 , resp. V 2 ), to the tuple (−1, −1) ∈ GL 1 (Q ℓ ) 2 . The effect of this sequence can be calculated to be the tuple (ρ G,ℓ (δ 1 ), ρ G,ℓ (δ 2 )), where the matrices are as in the lemma. . Using the explicit form of the matrices appearing in Lemma 1.3.1 it is easy to check that for any ℓ, the second exterior power of ρ geo G,ℓ decomposes into a 7 and one 14 dimensional submodule (e.g., by exhibiting a certain non-central element in the centralizer ofḠ ℓ ). By an iterative application of Poincaré duality one can show thatḠ ℓ is contained in the special orthogonal group SO 7 (F ℓ ). On the other hand, the second exterior power of the natural representation of SO 7 (F ℓ ) is known to be irreducible. Also, by the properties of the middle convolution (see [7] , Chap. 3), the imageḠ ℓ acts irreducibly on F 7 ℓ . Moreover, by the explicit form of the matrices, the group can easily seen to act primitively on F 7 ℓ . One concludes thatḠ ℓ is a proper subgroup of SO 7 (F ℓ ) which contains a regular unipotent element (given byρ G,ℓ (δ 1 ·δ 2 ))) and acts primitively on F 7 ℓ . By the classification of primitive subgroups of exceptional algebraic groups which contain a regular unipotent element (see [17] ) one concludes that G ℓ ≃ G 2 (F ℓ ) (the groups A 2 .2 can be excluded by the Jordan canonical form of the element ρ G,ℓ (δ 2 )). By repeating the above arguments in the ℓ-adic setting, one concludes that ρ geo G,ℓ has values in a subgroup of G 2 (Q ℓ ) and hence, by compactness, values in a subgroup of G 2 (Z ℓ ). The claim follows now from a Frattini argument, using the result of [21] which says that the short exact sequence 
(They use the representation theory of finite groups of Lie-type to obtain their (non-constructive) result.)
(ii) For ℓ = 3, the image ofρ G,ℓ can be shown to be equal to the commutator subgroup of 2 G 2 (F 3 ).
2 The motivic interpretation of the middle convolution 2.1 Some remarks on relative motives. A natural generalization of the concept of a motive is to drop the requirement that X is proper (the motive is then called mixed, see e.g. [13] ) and also to allow more general base schemes S than the spectrum of a field, i.e., to consider relative motives. We will always assume that S is a smooth and geometrically connected variety over a number field. The relative mixed motives which appear below are of the form M = (π : X → S, P ), where π is a smooth affine morphism, and where the relative projector P arises from a finite subgroup G of Aut S (X) and an irreducible representation χ : G → GL n (Q) as follows: Associated to χ is a projector P χ in the group ring Q[G] such that P χ cuts out the irreducible representation χ from the regular representation of G. Since G is a subgroup of Aut S (X), the group ring Q[G] embeds into the relative correspondences Corr S (X, X) ⊗ Q and P is the projector P χ viewed as an element in Corr S (X, X). By construction, P cuts out sub-local systems from the higher direct image sheaves R i ? π * (Q), where ? will be sing or ℓ. We call these local systems the ?-realizations of the relative mixed motive M and denote them by R ? (M ). Consider the case where ? = sing : Then R sing (M ) is a local system on S(C) and thus corresponds to its monodromy representation
Similarly, if ? = ℓ, then R ℓ (M ) is anétale local system on S and thus corresponds to a representation of theétale fundamental group
where s 0 denotes a geometric base point. If S is a curve, then π 1 (S(C), s 0 ) can be seen as a subgroup of πé t 1 (S, s 0 ) and it follows from the comparison isomorphism that the restriction of ρ ℓ to π 1 (S(C), s 0 ) is given by ρ sing . It follows from Deligne's work on the Weil conjectures [3] and the base change theorem that R ℓ (M ) admits a filtration of local systems
such that the associated quotient local systems W i ℓ (M ) = F i /F i−1 are punctually pure of weight i in the sense of [3] . Theétale local systems W i ℓ (M ) are called the weight-i-realizations of M.
2.2 A relative motive of rank 7. We want to define a relative mixed motive whoseétale realizations lead to monodromy representations with values in the exceptional group G 2 . For this, let
let H be the collection of hyperplanes of A 7 Q defined by
and let H ′ be the sub-collection of H which is defined by
i=3,5,7
Let π ′ : X → A 7 \ H be theétale double cover which (when extended to A 7 ) is ramified precisely at H ′ and let π : X → S be the composition of π ′ with the projection onto the 7-th coordinate. Since π ′ : X → A 7 \ H is anétale double cover, it is Galois with Galois group G = σ ≃ Z/2Z . If χ : G → Q × is the representation which sends σ to −1, then the associated projector has the form
Let P be the associated correspondence (see above) and let M := (π : X → S, P ).
be as in Lemma 1.3.1. Then one has an isomorphism of Galois representations ρ G,ℓ ≃ W 6 ℓ (M ).
Proof: Let S be an r-punctured affine line over Q. Let G be a rigid local system on SQ = S × Spec(Q) having quasi-unipotent local monodromy. In [14] , Chap.8, it is shown that G can be obtained by a suitable sequence of middle convolutions MC χ and middle tensor operations applied to a rank one local system V with finite monodromy on SQ. Also in op. cit., Chap. 8, the existence of a relative mixed motive M on SQ is shown such that the weight-n-realization (if n middle convolutions have taken place) of M coincides with G. For the sequence appearing in (1.3.1) this construction yields exactly the above mixed motive M (it happens to be defined over Q since −1 is the only root of unity which is used). 2
The following two subsection give the proofs of the statements of the introduction:
2.3 Proof of Theorem 1: By Theorem 2.2.1, the representation
is isomorphic to ρ G,ℓ . By Cor. 1.3.2 the image of ρ geo G,ℓ is isomorphic to the group {0, 1, ∞}) be the canonical surjection and let
, where (3) stands for a Tate twist and ǫ is a suitable quadratic character of G Q which is chosen in a manner that det(ρ W 6 ℓ (M ) (3) ⊗ ǫ) = 1 . It follows that for ℓ ≥ 5 the image of ρ ℓ is equal to G 2 (Z ℓ ), finishing the proof of Theorem 1. 2
Proof of Corollary 2:
Consider the above relative motive M = (π : X → S, P ). By the canonical resolution in characteristic zero (see e.g. [2] or [8] ), there exists a Z/2Z-equivariant normal crossings compactification Xs 0 of any fibre Xs 0 , wheres 0 is a geometric point of S associated to a closed point s 0 of S. In the following, we assume that s 0 is an element of S(Q) which implies that Xs 0 can be defined over Q (see loc. cit.). Let W 6 ℓ (M )s 0 be the stalk of W 6 ℓ (M ) ats 0 . By adapting the arguments of [14] , (9.4.3), one sees that there exists an isomorphism of G Q -modules
Consider the restriction of ρ ℓ to G Q , where G Q is seen as a subgroup of π 1 (S) via the canonical section associated to a rational point s 0 ∈ S(Q). We call this restriction the specialization of ρ ℓ to s 0 ∈ S(Q). It follows from the above considerations that any specialization of ρ ℓ to s 0 ∈ S(Q) is a subquotient of a twist of the ℓ-adic cohomology ofXs 0 . By Hilbert's irreducibility theorem (see [15] or [18] ) and a Frattini argument, one can suitably specialize ρ ℓ to rational numbers s 0 ∈ S(Q) = Q \ {0, 1} in order to obtain infinitely many non-isomorphic Galois representations G Q → GL 7 (Q ℓ ) whose images are isomorphic to G 2 (Z ℓ ) which are arising from the cohomology of smooth proper varieties over Q (namely Xs 0 ). 2
